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Let A be a noetherian integrally closed domain. In this paper we introduce 
a class of A-algebras R which satisfy the following two requirements: 
(i) W is reflexive as an A-module, i.e., W is finitely generated and 
isomorphic to its second dual R**. 
(ii) The modiJied tensor product R 1. RO of R with its opposite alge 
R” is isomorphic to the endomorphism ring Hom,(R, R). 
We show the similarity classes of these algebras form an abelian group &A) 
with respect to the modified tensor. This group ,/3(A) together with the divisor 
class group I’(A) form a pair in exact analog with the Brauer group and the 
rank one projective class group. Now it has been observed that the usual 
tensor product does not behave well for reflexive modules [S, p. 74 remarks]. 
We begin by showing that an easy modification brings it TV harmony with 
the reflexive modules. In particular the rank one reflexive modules form 
a group with respect to the modified tensor, and this group is canonically 
isomorphic to the divisor class group. Among the properties of the algebra 
class group, probably the most distinctive is that the canonical map P(A) + 
tar(K) = p(K) of /3(A) into the Brauer group of the field K of fractions of A 
is always a monomorphism. Most of the results on central separable algebras 
have counterparts in our setup. Only a few of them are presented here as 
illustrations. 
‘irhroughout this paper we denote by A a noetherian integrally closed 
domain with R as its field of fractions. The set of all minimal (= height one) 
primes of A is denoted by Min A. If M is any A-module and (&‘i) a family of 
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multiplicative systems in A, we denote by n S;“M the intersection in M @ K 
of the images of S;lM. Finally all tensor products without subscripts mean 
tensor products over A. 
1. REFLEXIVE MODULES 
The following is a brief exposition on reflexive modules. It is elementary 
and logically independent of [5]. Although many of the results can be found 
in Bourbaki’s book we have presented them here due to our different point of 
view. 
A. Quasi-Refexive Modules 
LEMMA 1. Let M be a jinitely generated A-module and {&} a family of 
.multiplicative systems in A such that 
then 
A = n S,‘A, 
M” = n S;‘M*. 
Proof. The’ canonical map M* + S;‘M* is one-one because M* is 
torsion-free. Given x* in 0 S,lM* and x in M, X*(X) belongs to S;lA for 
every i. So x*(x) belongs to A and x* is in M*. 
PROPOSITION 1 [S, p. 501. Let M be a jkitely generated A-module. The 
follozuing two conditions aye equivalent, 
(a) M is rejlexive, 
(b) M=flM,,p~MinA. 
Proof. If M is reflexive, then according to Lemma 1, 
M=~““=~M;“=,, (p E Min A) 
because Mp is a finite dimensional free Ap-module so n/r = Mg*. If the 
condition (b) holds, then M is torsion-free, so 
the last equality follows from Lemma 1. 
It will be convenient to have a name for those A-modules which satisfy 
the second condition in the above theorem but not necessarily finitely 
generated. 
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An A-module M is said to be quasi-reflexive if an 
e modules that the procedure of localization to 
minimal primes works well. Here are two examples of quasi-reflexive modules. 
The third equality foollows from the platitude of M. 
LEMMA 3. Let C’ be a noetherian integral& closed ~o~~i~ co~t~~~~~g A, If 
C is integral over A, then C is quasi-reflexive as an A-module. 
Pmofe Given 1 in Min 6, it is clear that the intersection p = i n A is 
nonzero and belongs to Min A (going-down theorem). So 
p hA=p P 
~ The modeled Tensor Product 
Let M, N be A-modules. The modified tensor product M J- N of M and hT 
is defined as the intersection, 
We record without proof a list of trivialities. 
~EMlM.4 4. Let L, M, N, Mi be quasi-yejexive A-modules. Thea, 
(1) M i N is quasi-rejlexive, 
(2) if M and N are Jinitely-generated, so is M J- N, 
(3) ifMisJEat,thenMiN=M@N, 
(4) A 1 M = M, 
(5) 4LiM)IN=LI(MiNZ, 
(6) L i (@MJ = @(L i iv& 
(I) MlN=NlM, 
(8) 6iven x in L, y in M, let x J y dmote the image of x @ y in L 1 Me 
Let L x M -+ L 1 M be the bilinear map (x, y) + x _L y. Tkzelz an;y ~i~~~e~~ 
map L x 24 -+ N has a unique factorization through L ~J!l. 
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C. Change of Rings 
We begin with the following improvement of [5, p. 18, Proposition 141. 
PROPOSITION 2. Let C be a noetherian integrally closed domain containing A. 
The following two conditions are equivalent: 
(a) For every reflexive A-module M, M 1 C is reflexive over C. 
(b) C is quasi-reflexive as an A-module. 
Proof. Assume A 1 C is reflexive as a C-module. By definition, A I C = 
~(A@C),=~C,,PEM~~A.N ow C and n C, have the same field of 
fractions. Since n C, is reflexive over C, it is finitely generated as a C-module. 
Elements of (J C, are therefore integral over C and hence belong to C. So 
we must have C = 0 C, . Now assume C = n Cr, and let M be a reflexive 
A-module. We have 
M -i- c = (-) M, @Ap c, = (-j (Mp @A&I)**, (* with respect to C,), 
because Mp is free over A, . It follows from Lemma 1 that M J- C is equal to 
(M @ C)**. The latter as the second dual of a finitely generated C-module 
must be finitely generated. So M 1 C is finitely generated over C. There 
remains to show M 1 C is quasi-reflexive over C. We have 
n (ML Ch IEMinC 
= (II[(p)M@C@Ap]&Ci pEMinA 
= ~~(‘M’A,CW’d (Cl flat over C) 
= ~(;IW@A,WI) 
= (J ((M 0 AP) 0 (0 Cl)) gfip free over A, , so flat 
= (-)W@A,W? 
P 
=MLC. 
So by Proposition 1, M 1 C is reflexive over C. 
COROLLARY. Let C be a noetherian integrally closed domain containing A. 
Assume C is jut as an A-module. Then for every rejlexive A-module M, M @ C 
is reflexive over C. 
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Proof. Since M is reflexive and C is flat, M @ C is the same as n/d _i C 
(Lemma 4, 131). The latter is reflexive over C because C is quasi-reflexive 
over A. 
LEMMA 5. Let C be a noetherian integrally closed domain containkflg A 
such that C is$niteky genwated as an A-module. Let be a C-module. Then 
is re$exive as a C-module if and only if M is rej?exive as an A-module. 
Proof. By Lemma 3, C = n C, , (p E Min A) because C is integral over 
A. It is easy to see that C, is a Dedekind domain with only finitely many 
prime ideals, so must be principal. Any finitely generated torsion-free 
CD-module is therefore free and isomorphic to its second dual. Now if M is 
reflexive over C, we have 
So M is reflexive over A. If M is reflexive over A, we have 
So M is reflexive over C. 
~ The Ran/z One Reflexive Class Group 
PROPOSITION 3. Let E be a rejlexive A-module. Then E” 1 E is iso~o~~~c 
to Hom,(E, E). 
Proof. Let K be the field of fractions of A and write V = E @ K. Then 
the map 
p: IIom,( V, K) OK V----t HomK( 17, V) 
given by ~(f @ V)(U) = j(~)v is an isomorphism. Since E, , p E luain A, is 
a finite dimensional free AP-module, p maps (E* @ -FJ~ = E,* ga, B, 
isomorphically to Hom,(E, Q . We therefore have an induced isomorphism 
pE* 1E-t n Horn.@, EjP , (p E Min A). 
There remains to show Horn,@?, E) = 0 Hom,jE, E)P ) p E n/air; A, and 
hence is reflexive. Since Hom,(E, E) is torsion-free, the inclusion 
Nom,(E, E) c+- Hom,(E, E)p is obvious. Pick x* in pl Mom,P(Ep , Er,), 
(p E Min A). For any x in E, we have x*(x) E E, for all p. Since E zs reflexive, 
X*(X) is in E, and so x* is in Hom,(E, E) as desired. 
Given a reflexive A-module M, we defined the rank of M as the vector 
space dimension of M @ K over K. 
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COROLLARY. Let M be a rank one rejexive A module. Then 
M”1_MgA. 
Proof. It suffices to show Hom,(M, M) is isomorphic to A. Given a in A, 
let Aa be the map on M produced by left multiplication by a. The map 
A: A -+ Hom,(M, M) is clearly one-one. For any p in Min A, Mp is a one 
dimensional free A,-module. So A,: A, -> Hom,(M, M)p is also onto. It 
follows that A maps A = fi A, isomorphically to n Hom,(M, M), = 
Hom,,(M, M). 
As an immediate consequence of the above corollary, we have the following 
PROPOSITION 4. The isomorphism classes of rank one rejlexive modules 
form a commutative group I’(A) with respect to the mod$ed tensor product. 
It is clear from Proposition 1 that every p in Min A is a rank one reflexive 
module. Given any non-negative integer ewe shall write 
p(e) = p i *.. I p (e factors), 
p(--d) = p” i . . . j- +. 
It is easy to see that p@) is just (p”A,) n A. Let D(A) denote the free abelian 
group based on Min A. We have an easy map 
/z,: D(A) -+ F(A) 
defined by [p] -+ p. Let K* denote the group of nonzero elements of K. To 
each p in Min A, and x in K* we shall denote by r+,(x) the integer e determined 
by the equation 
xA, = p”A, . 
So we have another group-homomorphism 
K” + D(A) 
x - c V&xPJ- 
THEOREM 1. The sequence 
K* -p D(A) pr r(A) --+ 0 
is exact. 
Proof. (i) The onto-ness of p. Let M be a rank one reflexive module. We 
may regard M as an A-submodule of K because it is rank one. From the 
finite generation of M, we can further assume M is an ideal in A. For each p 
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in A, M? as an ideal in the discrete valuation ring A, is equal to (PA&% 
for some ep . Since M is reflexive, we get 
(pA,)“p = n ((pA$p n A) = 
be last term. is meaningful because ep = for aU except finitely many 
(ii) image 6 C kernel p. For any x in K* we Bave 
pS(x) = &hJ, ep = vp(x), p E Min A 
p, $ElvlhA 
= (‘) (q”qAJ = xA. 
q 
ernel p Cimage 6. Let b = 2 d&3] be in D(A) such that 
%) is free on one generator x. So Ax = /pW (p E 
t n/r, = xA, is just pdpAp because qA, = K for g + p ( 
This shows & = V&X) and b = S(X). 
2. THE ALGEBRA CLASS GROUP 
The algebras which will be of interest to us are defined as follows: 
DEFINITIO?U'. Let R be an A-algebra which is reflexive as an A-module, 
We say is an iv A-algebra provided the canonical map 
R 1. R” + Horn,@, 
is an isomorphism. Two iv A-algebras R and S are similar to each other if 
there are reflexive A-modules E and F such that 
R J- Hom,(E, E) s S _I_ MomA(F, F). 
Tbis is an equivalence relation on the family of iv algebras as is clear from the 
following. 
b3MMA 6. Let E and F be two reflexive A-~~~~~es, then 
Horn,(E, E) 1 Horn,@ F) = H.om,(E i F, E I F). 
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Proof. 
Horn,@, E) I HomACE F) 
= n (HomA,(.& , -&I @A~ Hom.+(F, , Fd), pEMinA 
P 
= Hom,(E J-F, E _L F). 
COROLLARY. If R and S are two iv A-algebras, so is R 1 S. 
We will need the following simple criterion for iv algebras. 
LEMMA 7. Let R be an A-algebra which is reflexive as an A-module. Then R 
is an iv algebra if and only ;f at every p in Min A, R, is a central separable 
A p-algebra. 
Proof. If R is an iv algebra, then 
R, @Ap Rpo = (R -L R”jp = HomA,& , RJ 
So R, is central separable over A, . If R, is central separable over A, for 
every p in Min A, then 
R _L ~0 = n (R @ R”)p = n Hom,+,(&, , I$.,) = Hom,& R>. 
So R must be an iv algebra. 
COROLLARY. Let E be a reflexive A-module. Then Hom,(E, E) is an iv 
algebra over A. 
An easy consequence of the above lemmas is the following. 
THEOREM 2. The similarity classes of iv algebras over A form a group /3(A) 
with respect to the modi$ed tensor product. 
It is easy to verify that given a noetherian integrally closed domain C 
containing A such that C is quasi-reflexive as an A-module, the corre- 
spondence R ---f C J- R defines a group homomorphism p: ,8(A) --+/3(C). 
We shall denote the kernel by /3(C/A). 
THEOREM 3. The algebra class group ,8(A) is isomorphic to the inter- 
section 
n w,h pEMinA. 
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PT’oG~. Assume R is an iv algebra over A such that W, is trivial in &(A,) 
for every p in Min A. Now R, as a central separable Ap-algebra is a maximal 
Ap-order i @ K [3, Proposition 71. So according to [2, Theorem l.§j R is 
a maximal order in R @ K. By [2, Proposition 4.2] there is a reflexive 
A-module E with R = Hom,(E, E). Therefore R belongs to the zero class in 
/3(A). So the map /l(A) + &, Br(A,) is one-one. 
Now let D be a central division K-algebra such that for every minimal 
prime p in A, there is a central separable Ap-algebra R(p) with D similar to 
R(p) @ K. We are going to show that every maximal order in D is an iv algebra 
over A. Let M be a maximal A-order in I). The maximality of M implies the 
equality M = M** so M is a reflexive A-module. Since D is a di 
algebra, it follows that R(p) @ K is the algebra of n x n matrices over 
some n. Because M, is a maximal A,-order in D, it follows from [2, 
Theorem 3.81 that the algebra of n x n matrices over Mp is a maximal order in 
R(p) @ R. By [2, Proposition 3.51 any two maximal A+,-orders in R(p) @ M 
are isomorphic. Hence R(p) is isomorphic to the algebra of n x az matrices 
t follows from [3, Theorem 31 that 1tip is separable over A, . 
7 M is an iv algebra over A. This completes the proof of the 
theorem. 
emavk (added in proof, September 2 1974). The Theorem 2 and 
Theorem 3 above may also be found in . AUSLANDER, Brauer group of 
a ringed space, J. Algebra 4 (1966), 259-2651. 
Earlier we showed that for any reflexive A-module E, E* 1 E is canonically 
isomorphic to Hom,(E, E). This is actually part of the statements about the 
equivalence of categories of modules [4, Theorem 4.31. As an illustration and 
for later applications we now deduced from this isomouphism the structure of 
modules over matrix rings. If M and N are modules over an iv A-algebra R, 
we shall denote by M IR IV the intersection fl(M OX N), , p E Min A. 
THEOREM 4. Let E be a rejlexive A-module and a modde oukie”P 
D = Hom,(E, E). Assume M is quasi-re$exive as an A-m&de. Then the 
canonical map 
E J. Hom,(E, iM) -+ M 
is alz is~mo~ph~sm. 
Proof. We have M = Q la M = E J- (E* ia M). Now E” = Hom,(E,A) 
is just Hom,(E, J2). This can be seen as follows. By [4, Theorem 4.4(3)] at 
every p E Min A, Hom,(E, A)P is isomorphic to Homn(E, 52), . Moreover, 
the isomorphism is the restriction of the isomorphism between 
HomK(E @ K, K) and Horn,(E @ K, L?)? 
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2 = Q 0 K. So E* = n Hom,(E, A)P is isomorphic to n Homo(E, Q), = 
Homo(E, Q). But 
E* Is M = (-) (Horde, Q) 63.0 WP 3 
= n HmdE, M), , [4, Lemma, 2.5 (i)] 
= Horde, M>, 
because EP is free over A, and so projective over .Q, . This completes the 
proof of the theorem. 
COROLLARY. Let M be a two-sided module ovey an iv A-algebra R. Assume 
that M is quasi-reflexive as an A-module and write 
MR ={m~M~xm=mxforallxinR), 
then the canonical map 
R_LMR-+M 
is an isomorphism. 
Proof. Since M is a module over Sz = R 1 R” = Hom,(R, R), it follows 
from the theorem that M = R J- Hom,(R, M). It is easily checked that 
Hom,(R, M) is just MR. 
THEOREM 5. Let R be an iv algebra over A. Then there is a noetherian 
integrally closed domain CJinitely generated as an A-module such that fey some 
reflexive C-module E, 
C j- R” = Hom,(E, E). 
Proof. Since R 1 K is a central simple K-algebra, it is an n x n matrix 
ring over a central division K-algebra D. Now D contains a maximal com- 
mutative subfield L with L separable over K and L OK Do = Hom,(D, 0). 
Let C be the integral closure of A in L and let M be a maximal A-order in D 
containing C. By the proof of Theorem 3, M is an iv A-algebra which must 
be similar to R because the map /3(A) -+ B(K) is one-one. Since L is maximal 
commutative in D, C is maximal commutative in M: Given any x in M for 
which C[X] is commutative, then L[x] = C[x] .K must also be commutative. 
So x belongs to L. Since M is a finitely generated A-module, C[x] is finitely 
generated over A. It follows that x is integral over A so belongs to C. By 
[4, Theorem 5.11 we get 
C 1 MO = fi (C @ MO), = n Hom,(M, M)P = Homc(M, M). 
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Now S = C 1 Rs is similar to C 1 MO = 
reflexive C-modules El axl E2 we therefore get S ic 
Hom,(M, M) ic Hom,(Ea , Es) = HomcfM lc E, , M & Es). This allows 
us to regard the reflexive C-module M lo E, as 2 module over the matrix 
ring Hom,(E, , El). According to Theorem 4, there is a reflexive C-module E 
such that M ic Ea = El ic E. From this it fohows that 
Consequently S must be isomorphic to Hom,(E, E) because they are the 
commutants of the same Hom,(EI , El). 
We recall that given a finite group G of automorphisms on a commutative 
ring S, S is said to be a galois extension over R = SG if and only if S is 
finitely generated projective as an R-module and End,(S) = S[G]. To such 
an extension there is a seven term exact sequence [4]. 
H”(G, 5’“) +- EP(G, P(S)). 
THEOREM 6. Let G be a finite group of ~ut~~~~~~~s~§ on a ~5et~e~~~~ 
integrally closed domain C. Assume that @ is a jkitely generated module wer 
A = CG and End,(C) = C[G]. Then there is an exact sequence 
0 + Hi(G, C*) --a- F(A) -+ EIO(G, I’(C)) -+ N21,G, C*) -+ ,B(C,‘P,) 
4 
H3(G, C”) c N’(G, T(C)), 
Proof. Since C is finitely generated as an A-module, according to [7, 
Theorem 21 A is also noetherian. (Presumably the finite generation of Cover A 
can be deduced from the rest of the hypotheses in the theorem.) By 18, 
Theorem] there is an exact sequence 
H3(G, C*) t fP(G, r(C)) c (-j EP(G, C,) +- fP(G, C”) 
P 
where p runs through Min A. Now at every p E XirL A, CP is separable and 
hence unramified over A, [l, Theorem 2.51, the term D(C)G/iD(A) is therefore 
trivial. Moreover n W(G, CP*) = n Br(C,/A,) = @(C/A> 13, Theorem A. i! 51 
which completes the proof of the theorem. 
Remauks. Let C be a commutative ring extension over A such that C is 
reflexive as an A-module. For many purposes it is desirable to have a divisor 
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class group associated to such a C which is not necessarily an integral domain 
nor integrally closed (in its total ring of fractions). This can be done as 
follows: The class of C-modules one should work with consist of all the 
finitely generated torsion-free M with MP free over C, at every p E Min A. 
The tensor product of two such modules M and N may be defined by the 
equation 
MicN= (-)(MOdV,, pEMinA. 
The rank one modules again form a group r(C) under the modified tensor 
lc . This renders r into a functor. One may therefore consider the (Amitsur- 
Cartier-Grothendieck) cohomology H”(C/A, P) (defined by means of the 
modified tensor). Similarly one can extend the definition of the algebra class 
group to all C. A modification of the work of Chase-Rosenberg [Mem. Amer. 
Math. Sot. 52 (1965)] should yield the exactness of the following sequence 
0 + F(C/A, Gm) -+ r(A) --t HO(C/A, P) -+ H2(C/A, !lJl,) 
4 
H3(C/A, 1132,) t S(C/A, I’) t P(C/A). 
It should be pointed out that W(C/A, r) is a factor group of certain subgroup 
of r(C _L C). In general C J- C need not be integrally closed even if C is. 
It is therefore necessary to go beyond the integrally closed domains. 
We conclude this paper with the transcription into our setting the Skolem- 
Noether-Rosenberg-Zelinsky Theorem. 
THEOREM 8. Let R be an iv algebra ovey A. Then there is an exact sequence 
of groups and group-homomorphisms 
1 + In Aut(R) --+ Aut,(R) --+ I’(A). 
Proof. Given a pair of A-algebra automorphisms u, r on R, we shall 
denote by .R, the abelian group R+ endowed with the 52 = R 1 RO-module 
structure defined by (x J-y, u) -+ U(X) UT(~). For any 01 in Aut,(R), it is 
clear that OR, is isomorphic to ,,R,, as Q-modules. Since 52 = Hom,(R, R), 
we may write OR1 = R J- M, , where 
M,, = {U E R / U(X)U = ux for all x in R). 
It is easily verified that (T is an inner automorphism if and only if the rank one 
reflexive A-module MO is free. Moreover the map Aut(R/A) + r(A), 01-+ M, 
is a group-homomorphism: 
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Now at every F E Min A, R, is free over A, ~ So (M7 i l!J,), g (LWcT)p =It 
follows that the monomorphism MT 1 iI& - lb&, , x i y +yx, mcst Se an 
isomorphism because M, J- MO is reflexive. 
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